Abstract. Let Q be a set of polynomials in noncommutative indeterminates Z i,j , i ∈ {1, . . . , k}, j ∈ {1, . . . , n i }. In this paper, we study noncommutative varieties
Introduction

We denote by B(H)
n1 × c · · ·× c B(H) n k the set of all tuples X := (X 1 , . . . , X k ) in B(H) n1 ×· · ·×B(H) n k with the property that the entries of X s := (X s,1 , . . . , X s,ns ) are commuting with the entries of X t := (X t,1 , . . . , X t,nt ) for any s, t ∈ {1, . . . , k}, s = t. In an attempt to unify the multivariable operator model theory for the ball-like domains and commutative polydiscs, we developed in [29] an operator model theory and a theory of free holomorphic functions on regular polydomains of the form where Q is a set of polynomials in noncommutative indeterminates Z i,j , which generates a nontrivial ideal in C[Z i,j ]. The goal is to understand the structure of this noncommutative variety, determine its elements and classify them up to unitary equivalence, for large classes of sets Q ⊂ C[Z i,j ]. This study can be seen as an attempt to initiate noncommutative algebraic geometry in polydomains.
To present our results, we need some notation. Let H ni be an n i -dimensional complex Hilbert space. We consider the full Fock space of H ni defined by In Section 1, after setting up the notation and recalling some basic results from [33] , we show that the abstract variety V Q := {V Q (H) : H is a Hilbert space} has a universal model S = {S i,j } such that g(S) = 0, g ∈ Q, where each S i,j is acting on a subspace N Q of a tensor product of full Fock spaces. For each element T ∈ V Q (H) we introduce the constrained noncommutative Berezin where K f ,T,Q is the constrained Berezin kernel. This Berezin [9] type transform will play an important role in this paper. We show that the pure elements of the noncommutative variety V Q (H) are detected by a class of completely positive linear maps. More precisely, given T = {T i,j } ∈ B(H) n1 × · · · × B(H) n k , we prove that T is a pure element of V In Section 2, we use the noncommutative Berezin transforms to show that a tuple T = {T i,j } in B(H) n1 × · · · × B(H) n k is a pure element in V Q (H) if and only if it is unitarily equivalent to the compression of a multiple of the universal model to a co-invariant subspace. In this case, we have
, the constrained Berezin kernel K q,T,Q is an isometry, and the subspace K q,T,Q H is co-invariant under each operator S i,j ⊗ I D , where D is the closure of the range of the defect operator ∆ m q,T (I). For a certain class of noncommutative varieties V Q (H), this leads to a characterization of the pure elements T ∈ V Q (H) with dim D = n ∈ N. In particular, we obtain the following description and classification of the pure elements T ∈ V Q (H) with dim D = 1. We show that they have the form T = {P M S i,j | M }, where M is a co-invariant subspace under each operator S i,j . Moreover, if M ′ is another co-invariant subspace under S i,j , which gives rise to an element T ′ ∈ V Q (H), then T and T ′ are unitarily equivalent if and only if M = M ′ . This extends a result of Douglas and Foias [19] for the Hardy space H 2 (D n ) over the polydisc. We also obtain a characterization of the Beurling [10] type joint invariant subspaces under the universal model S = {S i,j }. We prove that a subspace M ⊂ N Q ⊗ H has the form M = M (N Q ⊗ E) for some partially isometric multi-analytic operator M : N Q ⊗ E → N Q ⊗ H with respect to the universal model S, i.e., M (S i,j ⊗ I H ) = (S i,j ⊗ I K )M for all i, j, if and only if ∆ p q,S⊗IH (P M ) ≥ 0, for any p ∈ Z k + , p ≤ m, where P M is the orthogonal projection of the Hilbert space N Q ⊗ H onto M.
There is a strong connection between the noncommutative varieties in polydomains, the theory of functions in several complex variables, and the classical complex algebraic geometry. Note that the representation of the abstract variety V Q on the complex plane C is the compact set V Q (C) = D q (C) ∩ {λ ∈ C n : g(λ) = 0 for all g ∈ Q} and D
• q (C) = {λ ∈ C n : ∆ q,λ (1) > 0} is a Reinhardt domain in C n , where n = n 1 + · · · + n k is the number of indeterminates in q = (q 1 , . . . , q k ).
In Section 3, we determine all the joint invariant subspaces of co-dimension one of the universal model S = {S i,j }. We show that the joint eigenvectors for S * i,j are precisely the noncommutative constrained Berezin kernels K q,λ,Q , where λ ∈ V Q (C)) ∩ D
• q (C). We introduce the variety algebra A(V Q ) as the norm closed algebra generated by the S i,j and the identity, and the Hardy algebra F ∞ (V Q ) as the WOTclosed version. We identify the w * -continuous and multiplicative linear functionals of the Hardy algebra F ∞ (V Q ) as the maps, indexed by λ ∈ V Q (C) ∩ D 
. If Q ⊂ C[Z i,j ] is a left ideal generated by noncommutative homogenous polynomials, then we show that the right joint spectrum σ r (S) coincides with V Q (C). On the other hand, it turns out that the variety V Q (C) is homeomorphic to the space M A(VQ) of all characters of the variety algebra A(V Q ), via the mapping λ → Φ λ , where Φ λ is the evaluation functional.
Special attention is given to the commutative case when Q = Q c , the left ideal generated by the commutators Z i,j Z s,t − Z s,t Z i,j of the indeterminates in C[Z i,j ]. In this case, the universal model associated with V Qc , denoted by L = {L i,j }, is acting on the Hilbert space N Qc which coincides with the closed span of all vectors K q,λ,Qc with λ ∈ D We prove that the Hardy algebra F ∞ (V Qc ) is reflexive and coincides with the multiplier algebra of the Hilbert space
. Under this identification, L i,j is the multiplier by the coordinate function λ i,j . We remark that when n 1 = · · · = n k and Q cc is the left ideal generated by Q c and the polynomials Z i,j − Z p,j , the universal model associated with V Qcc is acting on the Hilbert space N Qcc which can be identified with the reproducing kernel Hilbert space with kernel
In the particular case when
, we obtain the reproducing kernel (z, w) →
1
(1− z,w ) k on the unit ball B n . In this case, the reproducing kernel Hilbert spaces are the Hardy-Sobolev spaces (see [7] ), which include the Drurry-Arveson space (see [20] , [5] , [18] , [26] ), the Hardy space of the ball and the Bergman space (see [35] ). All the results of this paper are true in these commutative settings.
In Section 4, we show that the isomorphism problem for the universal polydomain algebras is closed connected to to the biholomorphic equivalence of Reinhardt domains in several complex variables. Let q = (q 1 , . . . , q k ) and g = (g 1 , . . . , g k ′ ) be tuples of positive regular polynomials with n and ℓ indeterminates, respectively, and let m ∈ N k and d ∈ N . We remark that when q = Z 1 + · · · + Z n and g = (Z 1 , . . . , Z n ), the corresponding domain algebras are the universal algebra of a commuting row contraction A(V 1 q,Qc ) and the commutative polydisc algebra A(V 1 g,Qc ), respectively. Since B n and D n are not biholomorphic equivalent domains in C n if n ≥ 2 (see [21] ), our result implies that the two algebras are not isomorphic. The classification problem for polydomain algebras will be pursued in a future paper.
In Section 5, we develop a dilation theory for noncommutative varieties in polydomains. For the class of noncommutative varieties V Q (H), where Q ⊂ C[Z i,j ] is an ideal generated by homogeneous polynomials, the dilation theory is refined. In this case, we obtain Wold type decompositions for non-degenerate * -representations of the C * -algebra C * (V Q ) generated by the universal model S i,j and the identity, and coisometric dilations for the elements of V Q (H). Under natural conditions, the dilation is unique up to unitary equivalence. In the particular case when k = m = 1, q = Z 1 + · · · + Z n , and Q = Q c , we recover Arveson's results [5] concerning the dilation theory for commuting row contractions.
In the last section of this paper, we provide a characterization for the class of tuples of operators in the noncommutative variety V Q (H) which admit constrained characteristic functions. In this case, the characteristic function is a complete unitary invariant for the completely non-coisometric tuples. We also provide operator models in terms of the constrained characteristic functions. These results extend the corresponding ones from [38] , [25] , [27] , [28] , [11] , [12] , [31] , and [33] , to varieties in noncommutative polydomains.
We remark that the results of this paper are presented in a more general setting, when q is replaced by a k-tuple f = (f 1 , . . . , f k ) of positive regular free holomorphic functions in a neighborhood of the origin, and Q is replaced by a WOT-closed left ideal of the Hardy algebra F ∞ (D m f ). We mention that noncommutative varieties in ball-like domains were studied in several papers (see [2] , [27] , [28] , [29] , [30] , [31] , [32] , and the references there in). The commutative case when m 1 ≥ 2, n 1 ≥ 2, and q 1 = Z 1 + · · · + Z n , was studied by Athavale [6] , Müller [22] , Müller-Vasilescu [23] , Vasilescu [40] , and Curto-Vasilescu [15] . Some of these results were extended by S. Pott [34] when q 1 is a positive regular polynomial in commuting indeterminates (see also [12] ). The commutative polydisc case, i.e, k ≥ 2, n 1 = · · · = n k = 1, and q = (Z 1 , . . . , Z n ), was first considered by Brehmer [14] in connection with regular dilations. Motivated by Agler's work [1] on weighted shifts as model operators, Curto and Vasilescu developed a theory of standard operator models in the polydisc in [16] , [17] . Timotin [39] obtained some of their results from Brehmer's theorem. The polyball case, when k ≥ 2 and q i = Z 1 + · · · + Z ni , i ∈ {1, . . . , k}, was considered in [26] and [8] for the noncommutative and commutative case, respectively.
Noncommutative Varieties in polydomains and Berezin transforms
In this section, we consider noncommutative varieties V 
We associate with each such a variety a universal model S = (S 1 , . . . , S n ) ∈ V m f ,J (N J ), where N J is an appropriate subspace of a tensor product of full Fock spaces. We introduce a constrained noncommutative Berezin transform and use it to characterize noncommutative varieties in polydomains.
We begin by recalling from [33] some definitions and basic properties of the universal model associated with the abstract noncommutative polydomain D a i,α Z α , a i,α ∈ C, be a formal power series in n i noncommuting indeterminates Z i,1 , . . . , Z i,ni . We say that f i is a positive regular free holomorphic function if a i,α ≥ 0 for any
< ∞. Throughout this paper, we denote by B(H) the algebra of bounded linear operators on a separable Hilbert space H.
where the convergence is in the week operator topology. Let n := (n 1 , . . . , n k ) and m := (m 1 , . . . , m k ), where n i , m i ∈ N := {1, 2, . . .} and i ∈ {1, . . . , k}, and let f := (f 1 , . . . , f k ) be a k-tuple of positive regular free holomorphic functions. We associate with each element
We use the convention that (id−Φ fi,Xi ) 0 = id. We denote by
. . , k}, with the property that, for any p, q ∈ {1, . . . , k}, p = q, the entries of X p are commuting with the entries of X q . In this case we say that X p and X q are commuting tuples of operators. Note that, for each i ∈ {1, . . . , k}, the operators X i,1 , . . . , X i,ni are not necessarily commuting.
In [33] , we developed an operator model theory and a theory of free holomorphic functions on the noncommutative polydomain
Throughout this paper, we refer to D 
. . , k}, and j ∈ {1, . . . , n i }. We define the weighted left creation operators 
for all α ∈ F + ni with |α| ≥ 1. For each i ∈ {1, . . . , k} and j ∈ {1, . . . , n i }, we define the operator W i,j acting on the tensor Hilbert space
and it is called the universal model associated with the abstract noncom-
The noncommutative Berezin kernel associated with any element
where the defect operator is defined by
and the coefficients b
are given by relation (1.1). The noncommutative Berezin kernel K f ,T is a contraction and
where the limits are in the weak operator topology. Moreover, for any i ∈ {1, . . . , k} and j ∈ {1, . . . , n i },
The polydomain algebra A(D m f ) is the norm closed algebra generated by W i,j and the identity. Let
where the closure is in the operator norm. We proved in [33] that there is a unital completely contractive linear map Ψ f ,T : S → B(H) such that
where the limit exists in the norm topology of B(H), and
In particular, the restriction of Ψ f ,T to the polydomain algebra A(D m f ) is a completely contractive homomorphism. For information on completely bounded (resp. positive) maps, we refer to [24] .
The noncommutative Hardy algebra
is the sequential SOT-(resp. WOT-, w * -) closure of all polynomials in W i,j and the identity, where i ∈ {1, . . . , k}, j ∈ {1, . . . , n k }. Each elemeny ϕ(
and ϕ(W i,j ) = SOT-lim r→1 ϕ(rW i,j ), where ϕ(rW i,j ) is in the polydomain algebra A(D (ii) Ψ T is WOT-continuous (resp. SOT-continuous) on bounded sets; (iii) Ψ T is a unital completely contractive homomorphism and
For each i ∈ {1, . . . , k}, let Z i := (Z i,1 , . . . , Z i,ni ) be an n i -tuple of noncommuting indeterminates and assume that, for any s, t ∈ {1, . . . , k}, s = t, the entries in Z s are commuting with the entries in Z t . The algebra of all polynomials in indeterminates Z i,j is denoted by C[Z i,j ].
Let W := {W i,j } be the universal model associated with the abstract noncommutative polydomain D 
We also introduce the space
We remark that in this case we have
To simplify our notation, throughout this paper, unless otherwise specified, we consider J to denote a left ideal in either one of the following algebras:
. We always assume that N J = {0}. It is easy to see that N J is invariant under each operator W * i,j for i ∈ {1, . . . , k}, j ∈ {1, . . . , n i }. Define S i,j := P NJ W i,j | NJ , where P NJ is the orthogonal projection of ⊗ 
, where S i := (S i,1 . . . , S i,ni ) and S i,j := P NJ W i,j | NJ has the following properties.
We define the noncommutative variety V We remark that this variety is well-defined if J is a left ideal in 
The constrained noncommutative Berezin kernel associated with T has the following properties.
where the limits are in the weak operator topology.
(ii) For any i ∈ {1, . . . , k} and j ∈ {1, . . . , n i },
, all the properties above remain true.
. . , k} and j ∈ {1, . . . , n i }, we deduce that
Choose a sequence of polynomials q n (W i,j ) which converges in norm to g(W i,j ). This implies that q n (T i,j ) converges in norm to g(T i,j ). Using equation (1.2), we deduce a similar one where q(W i,j ) is replaced by g(W i,j ). As above, we deduce that relation (1.3) remains true in this case. Now, we consider the case when J is a WOT-closed left ideal in
. Now, one can easily complete the proof using the appropriate properties of the noncommutative Berezin kernel K f ,T and the definition of the constrained Berezin kernel.
For each n-tuple T := {T i,j } ∈ V m f ,J (H), we introduce the constrained noncommutative Berezin transform at T as the map B T,J : B(N J ) → B(H) defined by setting
Note that B T,J is a completely contractive, completely positive, and w * -continuous linear map. Consequently, B T,J is WOT-continuous (resp. SOT-continuous) on bounded sets. Note that T is pure if and only if B T,J (I) = I. 
is an isometry and the constrained noncommutative Berezin transform is a unital completely contractive and w * -continuos linear map such that
To prove the converse, assume that Ψ has the required properties. Since (S 1 , . . . , S k ) is a commuting tuple and Ψ is a homomorphism when restricted to C[S i,j ], we deduce that (T 1 , . . . , T k ) is a commuting tuple. Taking into account that Φ fi,Si is a w * -continuous map, and ∆ p f ,S is a linear combination of products of the form Φ
Since Ψ is a completely positive w * -continuous linear map such that 
Therefore, T is in the noncommutative variety V 
Then T is in the noncommutative variety V 
Since rT is pure, K q,r T,Q is an isometry. Consequently, for any n × n matrix with entries ψ st (S i,j ) in the linear span S of all products
. Now, it is clear that Ψ has a unique extension to a unital completely contractive linear map on S.
To prove the converse, assume that Ψ has the required properties and note that, due to Lemma 1.1 and the fact that 1 ∈ N Q , we have
for any p i ∈ {0, 1, . . . , m i } and i ∈ {1, . . . , k}. Since (S 1 , . . . , S k ) is a commuting tuple and Ψ is a homomorphism when restricted to C[S i,j ], we deduce that (T 1 , . . . , T k ) is a commuting tuple. Therefore,
On the other hand, since g(S i,j ) = 0 for any g ∈ Q, we have g(T i,j ) = Ψ(g(S i,j )) = 0, which shows that T ∈ V 
where the limit exists in the norm topology of B(H).
Proof. Following the proof of the direct implication of Theorem 1.4, we can show that the linear map
, is unital and completely contractive. Given g = g(S i,j ) ∈ S, we define Ψ f ,T,Q (g) := lim n→∞ Ψ f ,T,Q (g n ), where g n ∈ S with g − g n → 0, as n → ∞. Note that Ψ f ,T,Q (g) does not depend on the choice of the sequence {g n } and
Hence, we deduce that Ψ f ,T,Q (g) = lim r→1 B rT,Q [g] for any g ∈ S. Now, we assume that T is a pure
and taking into account that g n ∈ S with g −g n → 0, as n → ∞, we conclude that
This completes the proof.
Universal operator models and joint invariant subspaces
In this section, we obtain a characterization of the Beurling [10] type joint invariant subspaces under the universal model S = {S i,j } of V m f ,J , and a characterization of the joint reducing subspaces of S⊗I. We use noncommutative Berezin transforms to characterize the pure elements in noncommutative varieties V m f ,J and obtain a classification result for the pure elements of rank one.
Denote by C * (S i,j ) the C * -algebra generated by the operators S i,j , where i ∈ {1, . . . , k}, j ∈ {1, . . . , n i }, and the identity. 
Proof. Since 1 ∈ N J , Lemma 1.1 implies
and let ξ := (β)∈F
for any polynomial χ(S i,j ). Employing relation (2.1), we deduce that the operator χ(S i,j )P NJ C g(S i,j ) * has rank one and it is in the operator space S. On the other hand, due to the fact that the set of all vectors of the form
that all the compact operators in B(N J ) are contained in S.
To prove the last part of this theorem, let E = {0} be a subspace of
, which is jointly reducing for the operators S i,j , i ∈ {1, . . . , k} and j ∈ {1, . . . , n i }. Let ϕ ∈ E, ϕ = 0, and assume that ϕ = (β)∈F
is a nonzero coefficient of ϕ, then we have
Due to relation (2.1) and using the fact that E is reducing for each S i,j , we deduce that a (β) ∈ E, so 1 ∈ E. Using again that E is invariant under the operators S i,j , we deduce that E = N J . This completes the proof.
We say that T is unitarily equivalent to T ′ if there is a unitary operator
. . , k} and j ∈ {1, . . . , n i }. Proof. Let U : N J ⊗ H → N J ⊗ K be a unitary operator such that U (S i,j ⊗ I H ) = (S i,j ⊗ I K )U for all i ∈ {1, . . . , k} and j ∈ {1, . . . , n i }. Then U (S * i,j ⊗ I H ) = (S * i,j ⊗ I K )U and, due to the fact that the C * -algebra C * (S i,j ) is irreducible, we must have U = I NJ ⊗ A, where A ∈ B(H, K) is a unitary operator. Therefore, dim H = dim K. The proof is complete. We recall that a subspace H ⊆ K is called co-invariant under Λ ⊂ B(K) if X * H ⊆ H for any X ∈ Λ. 
Proof. Set E := (P C ⊗ I K )M ⊆ K, where P C is the orthogonal projection from N J onto C1 ⊂ N J and let ϕ be a nonzero element of M with representation
where h (β) ∈ K and (β)∈F
and note that
Consequently, since M is a co-invariant subspace under each operator S i,j ⊗ I K , we must have h (σ) ∈ E. Since 1 ∈ N J , we deduce that
is a vector in N J ⊗ E. Therefore,
Now, we prove the reverse inclusion. If h 0 ∈ E, h 0 = 0, then there exists ξ ∈ M ⊂ N J ⊗ E such that
and 1 ⊗ h 0 = (P C ⊗ I K )ξ. Consequently, due to Lemma 1.1, we have
Taking into account that M is co-invariant under each operator S i,j ⊗ I K , we deduce that h 0 ∈ Y for any h 0 ∈ E. Therefore, E ⊂ Y. This inclusion shows that (
Consequently, if ϕ ∈ N J ⊗E has the representation (2.3), we conclude that ϕ ∈ Y. Therefore,
The proof is complete. Now, we can easily deduce the following result. 
for any i ∈ {1, . . . , k} and j ∈ {1, . . . , n i }. In case M is a partial isometry, we call it inner multi-analytic operator.
The next result is an extension of Theorem 5.2 from [33] to varieties in noncommutative polydomains. The constructions from the proof are needed in a forthcoming section to define characteristic functions associated with noncommutative varieties. (ii) For any p :
Proof. Assume that item (i) holds. Then we have
Continuing this process, we deduce that G ≥ 0. Let G := range G 1/2 and define
for any i ∈ {1, . . . , k} and j ∈ {1, . . . , n i }. Taking into account that Φ fi,Si⊗I (G) ≤ G, we have
for any x ∈ N J ⊗ H. Since a i,g i j = 0 each A i,j can be uniquely be extended to a bounded operator (also denoted by A i,j ) on the subspace G. Set X i,j := A * i,j for i ∈ {1, . . . , k}, j ∈ {1, . . . , n i }. An approximation argument shows that Φ fi,Xi (I G ) ≤ I G and relation (2.4) implies 
Consequently, g(X i,j ) = 0 for any g ∈ J. This shows that X := (X 1 , . . . , X k ) is a pure k-tuple in the noncommutative variety V m f ,J (G). According to Proposition 1.2, the noncommutative Berezin kernel K f ,X,J : G → N J ⊗ E is an isometry with the property that X i,j K * f ,X,J = K * f ,X,J (S i,j ⊗ I E ). Set E := ∆ m f ,X (I G )(G) and define the bounded linear operator Γ :
. . , k} and j ∈ {1, . . . , n i }, which proves that Γ is a multi-analytic operator with respect to the universal model S = {S i,j }. Note that ΓΓ
The proof is complete.
Following the classical case [10] , we say that M ⊂ N J ⊗ H is a Beurling type invariant subspace under the operators S i,j ⊗ I H for i ∈ {1, . . . , k}, j ∈ {1, . . . , n i }, if there is an inner multi-analytic operator with respect to S = {S i,j }, Ψ : 
The converse is a consequence of Theorem 2.5, when we take G = P M . The proof is complete.
We remark that in the particular case when m = (1, . . . , 1), the condition in Corollary 2.6 is satisfied when S ⊗ I H | M := {S i,j ⊗ I H | M } is doubly commuting. The proof is very similar to that of the corresponding result from [33] . 
is minimal. If, in addition, f = q = (q 1 , . . . , q k ) is a k-tuple of positive regular noncommutative polynomials and
then the minimal dilation of T is unique up to an isomorphism.
Proof. According to Proposition 1.2,
. . , k}, j ∈ {1, . . . , n i }, and the noncommutative Berezin kernel K f ,T,J is an isometry. Due to the definition of the constrained Berezin kernel K f ,T,J , we obtain (P C ⊗ I D )K f ,T,J H = D, where D := ∆ m f ,T (I)(H). Now, using Theorem 2.3 in the particular case when M := K f ,T,J H and E := D, we deduce that the subspace K f ,T,J H is cyclic for the operators S i,j ⊗ I E , where i ∈ {1, . . . , k} and j ∈ {1, . . . , n i }. This implies the minimality of the dilation, i.e., (2.6 )
Now, assume that f = q = (q 1 , . . . , q k ) is a k-tuple of positive regular noncommutative polynomials and that the relation in the theorem holds. Consider another minimal dilation of T, i.e., (2.7)
′ is an isometry, V H is co-invariant under each operator S i,j ⊗ I D ′ , and
According to Theorem 1.3, there exists a unique unital completely positive linear map Ψ : C * (S i,j ) → B(H) with the property that
Now, we consider the * -representations π 1 :
Since the subspaces K q,T,J H and V H are co-invariant for each operator
Relations (2.6) and (2.8) show that π 1 and π 2 are minimal Stinespring dilations of the completely positive linear map Ψ. Since these representations are unique up to an isomorphism, there exists a unitary operator U :
, . . . , k}, j ∈ {1, . . . , n i }, and U K q,T,J = V . Taking into account that U is unitary, we deduce that U (S * 
if and only if it is unitarily equivalent to one obtained by compressing {S i,j ⊗ I C n } to a co-invariant subspace M ⊂ N J ⊗ C n under each operator S i,j ⊗ I C n with the property that dim[(P C ⊗ I C n )M] = n, where P C is the orthogonal projection from N J onto C1.
Proof. Note that the direct implication is a consequence of Theorem 2.7. We prove the converse. Assume that
where H ⊂ N J ⊗C n is a co-invariant subspace under each operator S i,j ⊗I C n such that dim(P C ⊗I C n )H = n. It is clear that T is a pure element in the noncommutative variety V m q (H). First, we consider the case when n < ∞. Since (P C ⊗ I C n )H ⊆ C n and dim(P C ⊗ I C n )H = n, we must have (P C ⊗ I C n )H = C n . The later condition is equivalent to the equality
If we assume that rank ∆ m q,T (I) < n, then there exists h ∈ C n , h = 0, with P H h = 0, which contradicts the relation H ⊥ ∩ C n = {0}. Therefore, we must have rank ∆ m q,T (I) = n. Now, assume that n = ∞. According to Theorem 2.3 and its proof, we have
where E := (P C ⊗ I C n )H. Since N J ⊗ E is reducing for each operator S i,j ⊗ I C m , we deduce that In what follows, we characterize the pure elements of rank one in the noncommutative variety V 
Noncommutative varieties and multivariable function theory
In this section, we find all the joint eigenvectors for S * i,j , where S = {S i,j } is the universal model associated with the noncommutative variety V 
Let J be a WOT-closed left ideal of the Hardy space
where n = n 1 + · · · + n k is the number of indeterminates in f := (f 1 , . . . , f k ). 
They satisfy the equations S * i,j Γ λ = λ i,j Γ λ for i ∈ {1, . . . , k}, j ∈ {1, . . . , n i }, where λ i = (λ i,1 , . . . , λ i,ni ) .
According to Proposition 1.2, we have (
and assume that there exists (
Using the definition of the operators W i,j (see Section 1), we deduce that
. Hence, we obtain
Letting p i → ∞ in the relation above, we must have |αi|≥1 a i,αi |λ i,αi | 2 < 1, for each i ∈ {1, . . . , k}. Therefore, λ = (λ 1 , . . . , λ n ) ∈ D m f ,> (C). On the other hand, if g ∈ J, then relation S * i,j h = λ i,j h and an approximation argument in the norm topology imply
Using the F ∞ (D m f )-functional calculus for pure elements and taking the limit as r → 1 in the relation above, we obtain h, g(S i,j )h = g(λ i,j ) h 2 .
Since, due to Lemma 1.1, g(S i,j ) = 0 and h = 0, we conclude that g(λ i,j ) = 0, which shows that λ ∈ V 
f ,J ) and let {p ι (S i,j )} and {q κ (S i,j )} be nets of polynomials such that p ι (S i,j ) → ϕ and q κ (S i,j ) → ψ in the weak operator topology. Note that, due to Theorem 3.1, we have p ι (λ) = p ι (W i,j )1, u λ = p ι (S i,j )1, u λ and, consequently, lim ι p ι (λ) = ϕ(1), u λ . Similarly, we obtain lim κ q κ (λ) = ψ(1), u λ . Hence, it is easy to see that
Note that, due to Theorem 3.1, we have
Since p ι (S i,j ) → ϕ in the weak operator topology, we deduce that ϕ * u λ = ϕ(1), u λ u λ . Hence, we deduce that
Now, assume that Φ : F ∞ (V m f ,J ) → C is a w * -continuous and multiplicative linear functional and let X := ker Φ. Then X is a w * -closed two-sided ideal of F ∞ (V m f ,J ) of codimension one. We claim that M X := X N J is a subspace in N J of codimension one and M X + C1 = N J . By contradiction, assume that there is a vector y ∈ N J which is perpendicular to M X + C1 and y = 1. Since
and taking the projection onto N J , we deduce that span{p(S i,j ) (1) :
On the other hand, since p(S i,j ) − Φ(p(S i,j ))I NJ is in X = ker Φ and 1 ∈ N J , we have p(S i,j )(1) − Φ(p(S i,j )) ∈ M X . Taking into account that y is perpendicular to M X + C1, we have
which contradicts the fact that y = 1 and proves our assertion. Therefore, M X ⊂ N J has codimension one and it is invariant under each operator S i,j for i ∈ {1, . . . , k}, j ∈ {1, . . . , n i }. According to Theorem 3.1, there exists λ ∈ V m f ,J ,> (C) such that M X = {u λ } ⊥ . As shown in the first part of the proof, Φ λ is a w * -continuous and multiplicative linear functional. Note that, if A ∈ X := ker Φ, then A(1) ∈ M X = {u λ } ⊥ , which implies A(1), u λ = 0. Hence, A ∈ ker Φ λ and, therefore, ker Φ ⊂ ker Φ λ . Since ker Φ and ker Φ λ are w * -closed two sided maximal ideals of F ∞ (V m f ,J ) of codimension one, we must have ker Φ = ker Φ λ . Therefore, Φ = Φ λ . This completes the proof.
We make a few remarks concerning the particular case when J = {0}. First, we note that
we have
On the other hand, since λ = (λ 1 , . . . , λ n ) ∈ D m f ,> (C), we deduce that
Applying Cauchy's inequality, we obtain
We note that the w * -continuous and multiplicative map Φ λ :
Indeed, in this case we have
We recall that the joint right spectrum σ r (T 1 , . . . , T n ) of an n-tuple (T 1 , . . . , T n ) of operators in B(H) is the set of all n-tuples (µ 1 , . . . , µ n ) of complex numbers such that the right ideal of B(H) generated by the operators µ 1 I − T 1 , . . . , µ n I − T n does not contain the identity operator. We recall [30] that (µ 1 , . . . , µ n ) / ∈ σ r (T 1 , . . . , T n ) if and only if there exists δ > 0 such that Proof. Let λ = {λ i,j } ∈ σ r (S). Since the left ideal of B(N Q ) generated by the operators S * i,j − λ i,j I does not contain the identity, there is a pure state ϕ on B(N Q ) such that ϕ(X(S * i,j − λ i,j I)) = 0 for any X ∈ B(N Q ) and i ∈ {1, . . . , k}, j ∈ {1, . . . , n i }. In particular, we have ϕ(S i,j ) = λ i,j = ϕ(S * i,j ) and
Hence, we deduce that
for any n ∈ N. Therefore, α∈F
fi (C). Hence, we deduce that λ := {λ i,j } ∈ D m f (C). On the other hand, if g ∈ Q, then g(S i,j ) = 0 and, consequently, we obtain g(λ i,j ) = ϕ(g(S i,j )) = 0. Therefore, λ ∈ V m f ,Q (C). Now, let µ := {µ i,j } ∈ V m f ,Q (C) and assume that there is δ > 0 such that
f ,Q,> (C) in the inequality above. Due to Theorem 3.1, we have S * i,j Γ λ = λ i,j Γ λ for any i ∈ {1, . . . , k} and j ∈ {1, . . . , n i }. Consequently, we deduce that
Since the set V 
Proof. The injectivity of Ψ is clear. To prove that Ψ is surjective assume that Φ :
Since the set of all polynomials p(S i,j ) is dense in A(V m f ,Q ) and sup α∈Λ Φ λ α ≤ 1, it follows that Ψ is continuous. On the other hand, since both V 
. . , k} and j 1 , j 2 ∈ {1, . . . , n i }.
The universal model associated with the abstract variety
, where the operators L i,j are defined on N Qc by setting
In what follows, we will identify the space N Qc with a reproducing kernel Hilbert space of holomorphic functions in several complex variables and the Hardy algebra F ∞ (V m f ,Qc ) is identified with the corresponding multiplier algebra.
Let f := (f 1 , . . . , f k ) be a k-tuple of positive regular free holomorphic functions with f i := α∈F
and define the vector
ni , are defined by relation (1.1). It is easy to see that the set {w 
Then the following statements hold. 
More precisely, every element ϕ = k1∈N
and
where λ = (λ 1 , . . . , λ k ) and µ = (µ 1 , . . . , µ k ) are in D Proof. We prove that
Note that the first inclusion is due to the fact that
To prove the second inclusion, note that, due to the definition of the universal model W = {W i,j } , we have
k ∈ N Qc and proves our assertion. To complete the proof of part (i), it is enough to show that 
For each γ i ∈ F 
It is easy to see that
.
Using relation (1.1), we deduce that
The proof is complete. 
Proof. Let ϕ(W
. According to Theorem 3.1, Proposition 3.2, and Theorem 3.5, we have
In particular, the operator L i,j is the multiplier by the coordinate function λ i,j . Now, we show that
, the weakly closed algebra generated by the operators L i,j and the identity. Suppose that g = k1∈N [33] (Proposition 3.2), using Cesaro means, one can find a sequence p n of polynomials in w
0 , such that M pn converges to M g in the strong operator topology and, consequently, in the W OT -topology. Since M pn is a polynomial in L i,j and the identity, our assertion follows.
where the supremum is taken over all 
* ≤ I for any N ∈ N. Using the fact that a i,α ≥ 0 and Ψ is a completely contractive homomorphism, one can easily see that 0 ≤ Φ fi, ϕi (I) ≤ I, where ϕ i := ( ϕ i,1 , . . . , ϕ i,ni ) and ϕ := ( ϕ 1 , . . . , ϕ k ). Due to the remarks preceding the theorem, for each i ∈ {1, . . . , k} and j ∈ {1, . . . , n i },
). Now, we define the function ϕ :
Taking r → 1 and N → ∞, we deduce that 0
where
and Ψ −1 is a completely contractive homomorphism, we deduce that 0 ≤ Φ gi, ξi (I) ≤ I, where we set ξ i := ( ξ i,1 , . . . , ξ i,ℓi ) and ξ := ( ξ 1 , . . . , ξ k ′ ). As above, for each i ∈ {1, . . . , k ′ } and j ∈ {1, . . . , ℓ i }, the map
where the limit is in the operator norm topology. Hence, using the continuity of Ψ in the operator norm, and relations (4.2) and (4.1), we obtain
Consequently, using the continuity in the operator norm of the noncommutative Berezin transform at λ ∈ D 
for each i ∈ {1, . . . , k ′ }, j ∈ {1, . . . , ℓ i }, and any λ ∈ D is an ideal generated by homogeneous polynomials and q = (q 1 , . . . , q k ) is a k-tuple of positive regular noncommutative polynomials. In this case, we also obtain Wold type decompositions for non-degenerate * -representations of the C * -algebra C * (S i,j ) generated by the universal model. 
Fix i ∈ {1, . . . , k} and assume that 1 ≤ p i = m i . In [33] (see the proof of Theorem 2.2), we proved that 
The proof is complete. which proves our assertion. If p = 0, the inequality in the lemma is due to the fact that K * f ,T K f ,T ≤ I. Assume that p = 0. Without loss of generality, we can assume that p j ≥ 1 for any j ∈ {1, . . . , s} for some s ∈ {1, . . . , k}, and p j = 0 for any j ∈ {s + 1, . . . , k} if s < k. Since Identifying H with V H, we deduce that T * i,j = V * i,j |H for i ∈ {1, . . . , k} and j ∈ {1, . . . , n i }. Now, we prove the second part of the theorem. Assume that T has the dilation V given by relation (5.2). Since ∆ The reverse inequality is due to the first part of the theorem. To prove item (ii), note that if T is pure then K f ,T is an isometry and, consequently, K = {0}. This implies V = S, which is pure. Conversely, if we assume that V is pure, we must have we deduce that K = {0}. This shows that the noncommutative Berezin kernel K f ,T is an isometry, which is equivalent to the fact that T is pure. The proof is complete.
In what follows, we provide a Wold type decomposition for non-degenerate * -representations of the C * -algebra C * (S i,j ). for any i ∈ {1, . . . , k} and j ∈ {1, . . . , n i }. Applying the Wold decomposition of Theorem 5.4 to the Stinespring representationπ, one can complete the proof of the theorem. We omit the details since the proof is now very similar to the corresponding result from [33] .
Let V be the dilation of T given by Theorem 5.5. One can easily prove that V is a pure element in V 
